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A PROOF OF ANDREWS’ ¢-DYSON CONJECTURE
FORn =4
BY
KEVIN W. J. KADELL!

ABSTRACT. Andrews’ g-Dyson conjecture is that the constant term in a polynomial
associated with the root system A4, _, is equal to the g-multinomial coefficient. Good
used an identity to establish the case g = 1, which was originally raised by Dyson.
Andrews established his conjecture for n < 3 and Macdonald proved it when
ay=da,=--- =a,=1,20r oo forall n > 2. We use a g-analog of Good’s identity
which involves a remainder term and linear algebra to establish the conjecture for
n = 4. The remainder term arises because of an essential problem with the ¢g-Dyson
conjecture: the symmetry of the constant term. We give a number of conjectures
related to the symmetry.

1. Introduction and summary. Let n > 2 and a, > 0, 1 < i < n, be nonnegative
integers and set

X; X,
(1.1) gi(a;x)= I (‘Ix—') (_) ’
l<i<j<n il a\j ) a;

where ¢ is fixed with |g| < 1 and

(x)o=1,
(1.2) () =TT (1~ xg), m>1,

Andrews [1] conjectured that

0
lim (x),=[1(1 - xq").
m— oo i=0

(q)(a|+a2+ e +a,)
(Dal(q) e, (9)a,’
where C.T. g is the constant term in the Laurent expansion of g in powers of
X1, X4,...,X,. The case g = 1 of (1.3) was originally raised by Dyson [13] and settled
independently by Gunson [18] and Wilson [39]. It is

(1.3) CT.g,(a,x) =

(e +a,+ ---+a,)
ala,! ---a,!

(1.4) CT.f,(a,x)=

’
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where

(1.5) f(ax)= TI (1—%)aj(1—ﬁ)u'.

1<i<j<n i X

Good [17] gave an elegant induction proof of (1.4) using the identity
n 1

(1.6) 1= Y 10

k=1i=1 (1 - xk/xi) .
i*k

Good [16] also used MacMahon’s master theorem [34, Article 66] to establish (1.4)
for n = 3. This gives an alternative proof of Dixon’s formula [12] (see Bailey [6,
§3.1(1)]). Andrews [1] established (1.3) for n = 3, thus giving another derivation of a
g-analog of Dixon’s formula due to Jackson [22] (see Carlitz [9]). We shall establish
the g-Dyson conjecture (1.3) for n = 4 by using a g-analog of Good’s identity (1.6)
which has a remainder term.

Macdonald [32, 33] proved that (1.3) holds whena, = a, = --- =a,=1,20r o
for all n > 2. He observed that (1.3) is related to the root system A, ; and
established corresponding results for other root systems. He established [33] the case
g = 1 of his conjectures for the root systems 4,_,, B,, C,, D, and BC, by using
Selberg’s [38] integral

1 1 B -1 2z
/ / H’fx D1 - 1) [T |- dy - a,
0 0 i=1 1<i<j<n

(1.7)

D+ —1)2)T(y +( = 1)2)TQA + iz)
-1 Tx+y+(n+i-2)2)I(1+2z) °

where Re(x) > 0, Re(y) > 0 and Re(z) > —[1/n,Re(x)/(n — 1),Re(y)/(n — 1)].
Askey [4] gave a number of conjectured g-analogs of Selberg’s integral (1.7) which
imply (1.3) when a;, = a, = --- = a,. Andrews [3] gave an integral formulation of
(1.4). Askey [4] gave a conjectured g-analog of Andrews’ integral which implies (1.3).
See Morris [36] for other constant term conjectures and Evans [14] for character sum
analogs of many of these results. Askey [5] proved Morris’ conjecture for BC,.

In order to treat the remainder term, we must understand that it arises because of
a basic problem with the g-Dyson conjecture: symmetry. Since the g-multinomial
coefficient

(q)(a,+a2+ e +ay,)

(q)an(q)az T (q)a..

on the right side of (1.3) is symmetric in a,, a,,...,a,, we must have

(1.8) C,(a) =

(1.9) Gn('”(a)) = Gn(a)’ w(a) = (aﬂ(l)’ avr(2)""’aﬂ(n))’
where 7 € S, and
(1.10) G,(a) = C.T. g,(a; x).

When ¢ = 1, the symmetry of (1.4) follows easily from
(1.11) fu(7(a); 7(x)) = £,(a; x).
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However, the zeros of

X X X; X
1.12) g, (7 (a); 7(x)) = —/) (—') (—1) ( —')
1) @i = T (o) (7). (3 (o3,
m(i)<m(j) m(i)>m())
are obtained by a small but intricate shifting of those of g,(a; x). The only simple

g-analogs of (1.11) are
(113) gn(an’ al""’an—l; qx,, xl""’xn-—l) = gn(a; X)

and its iterates. Clearly G, (a) is fixed

(1.14) G,(7(a)) = G,(a), 7(a) = (a,, a1.....a,_1),

by the n-cycle 7 occurring in (1.13) and its powers.

In §2, we obtain Good’s identity (1.6) directly from the Vandermonde determi-
nant, thus relating (1.6) to the root system 4,_,. We use an asymmetric ¢g-Vander-
monde which arises from the factors of g,(a, x) whose zeros are shifted in (1.12) for
some 7 € S,. The polynomial I} (a; x) arises from and has a structure which reflects
the asymmetry of our ¢g-Vandermonde. Andrews [3] and Zeilberger [40] have
commented on the difficulties of finding a g-analog of (1.6). We give a g-analog of
(1.6) which has a remainder term involving Y X(a;x). We conjecture that the
contribution to G,(a) arising from each term of ¥ (a; x) is 0. We give some related
conjectures which have varying amounts of symmetry.

In §3, we use brute force to show that certain weighted averages of the remainder
term in our g-analog of Good’s identity (1.6) are O for n < 5. Kadell [25] has shown
that the first part of Conjecture 5 holds for all #n > 2. This shows that the g-Dyson
conjecture (1.3) is equivalent (see [25]) to the symmetry (1.9). We show that (1.3)
holds if ¢, =a,= -+ =a,_,=a,,,=""" =a,=1or oo, where 1 <m < n.
This works because (1.9) reduces to (1.14) at every stage of our induction. We
establish (1.3) for n = 3 since the required symmetry (1.9) follows easily using the
well-known g-binomial theorem.

In §4, we see that our simple argument which establishes the symmetry (1.9) for
n = 3 does not work for n = 4. By (1.14), G,(w(a)) can only assume six possible
values where 7 € S,. If there is some equality among a;, 1 < i < 4, then there are
fewer possibilities. We use the relations obtained in §3 to show that the possible
values of G,(w(a)), m € S,, satisfy the required number of linearly independent
equations. This establishes (1.3) for n = 4.

In §5, we discuss some possible approaches to treating the case n > 5 and their
ramifications in light of the symmetry (1.9).

2. A g-analog of Good’s identity. We have

(1) V=TT (x— ) = et

1<i<j<n

nXn

n
= % sga(m) [Tx-,
i=1

nES,
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Expanding the Vandermonde determinant along the bottom row yields

(2.2) l_[ (x; — xj) = Z (- 1)('1 k)l_[ n (x; = Xj)
1<i<j<gn =1 1<:</<n
’*l‘ i#*k#j

and dividing both sides of (2.2) by V,(x) gives Good’s identity (1.6). Multiplying
(1.6) by f,(a; x) yields

(2.3) fn(a§x) = 2 fn(al» Ay sy, a, — 1, ak+1""’an;x)
k=1

n
= L Ju(a—eux),
k=1

where e, is the standard unit vector whose k th coordinate is 1. To complete Good’s
proof of (1.4) [17], we need only equate constant terms in (2.3) and verify a simple
boundary condition.

Good’s identity (1.6) is a direct consequence of the expansion (2.2) of the
Vandermonde V,(x). We commence our attack on the g-Dyson conjecture (1.3) by
expanding the g-Vandermonde
(2.4) V,(a;x) = n (xi - qa’xj)'

I<i<j<n
Observe that the expression in the sum on the right side of (2.2) contains those terms
in the expansion of ¥V, (x) which do not contain x, as a factor. Let T¥(a; x) be the
sum of all of the terms in the expansion of V,(a; x) in which each of the variables
X[, X,,...,X, occurs. Any other term must have exactly one variable missing since
either x; or x, is introduced by the factor (x; — g“x;). We obtain

l_[ (xi - qa'xj)

I<i<j<n
(25) Z 1(,, k) (ZA< aa] a Z* .
= ¥ ()" gl [Tx, TT (5 %) + £} @ix).
1<1<>/<n
’*" itk+#j

To extend (2.1), let £¥*(a; x) be the sum of all of the terms in the expansion of
V,(a; x) in which two of the variables x,, x,,...,x, occur to the same power. This
includes all of the terms in ¥(a; x). We obtain

(2.6) I1 (xi_ qa’xj) ) [T x I1 ("qa’x/) +Z:*(a§x)~

1<i<j<n nES, 1<i<j<n 1<i<jgn
m(i)<m(j) w()>n(j)

It will be convenient to multiply (2.5) and (2.6) by I'T; _; ;.. x{~D. This yields

-+

I<i<j<n i
X
(2 7) = Z q[):A</<|“/] n ( ) I_[ (1 - q“/—i)
: k<j<n Xk l<i<j<n X;
itk#)

v 1 T

I<i<j<gn




¢-DYSON: n =4

X
238) - I ()¢ I AL,
res, 1<i<j<n X 1<i<j<n
" w(i)y> ()
Set
X; X;
(2.9) g.(a;x) = T1 (q;’) (x—)
1<i<j<n il a-1\ %/ q
and observe that
X
(210) s@0-g@x I (1-¢2)
1<i<j<n i

We want to substitute (2.7) into (2.10). We have

X ; X
J AV
-2) I (- e
k<j<n Xk l<i<j<n X;
itk
X X; Xj xj Xi
o T B G I e B Oy B
1<i<k il ag—1 k/a; k<j<n k k/a—1 j ! ay
(2.11)
X, x; X,
o [-e)(e2), )
1<i<j<n X Xi ) a;=1\ X/ g,
itk
X X; X X
= 9= = I ) e
1<i<k\ Xi) g1\ Xk /) g, k<jsn\ Xk ) a,\ X [a,-1
1<i<jsn\ Xila\Xj]q,
itkE)
=g,(ay, .1, s sy G — 15 Xy X1y Xpa1s
= gn(”k(a - e); "k(x))’
where
(2.12) T (X) = (X105 XgpevesXpo1s Xga1sennsXps Xg)-
Let
(2.13) H(a;x)= JI x{7Pg,(a;x)
1<i<j<n
1 1 X X;
1<i<jgsn\Xi X Xi)a=1\ Xj)a-1

We now use (2.11) and (2.13) to substitute (2.7) into (2.10). This yields

n
8(a:%) = T glFroertlg, (7, (a — €,); m(x)) + R, (8: %),
k=1

(2.14)

where the remainder R ,(a; x) is given by

R,(a;x) = Z:(a; x)H, (a; x).

(2.15)

131

ey Xy Xg)
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Observe that, for all7 € S,,,

P
(2.16) B(r@ir() = T1 (-2,
<i<j<n i
m(i)y>m())

A similar argument using (2.8) and (2.16) yields

(217) g, (a0 = ¥ gEreommotlg, (n(a): 7(x) + £ (a: %) H, (a: %),

WESH

If a, = 0 where 1 < k < n, then x, can only occur in the numerator of a term in
the Laurent expansion of g, (a; x). Thus, we have the boundary conditions

G,(ay,a,,....a;_1,0,a,,,,...,a,)
(2.18) =G, ,(a,ay,....a;_1,a4415---,a,),
G,(0) = 1.

C,(a) is uniquely determined by (2.18) and the g-difference equation

(2.19) C/(a) = X gt+o=r4IC (a - ;)
k=1
= Z q[ZA</s"u/]C"(7Tk(a — ek))'
k=1

The first equality in (2.19) is well-known. The second uses the symmetry of C,(a).
We would be able to use our g-analog (2.14) of Good’s identity (1.6) to prove the
g-Dyson conjecture (1.3) if only we knew that the constant term in the Laurent
expansion of the remainder R, (a; x) were 0. Impressive computer evidence for n = 4
suggests

Conjecture 1. If w,(a; X) is a term of L¥*(a; x), then

(2.20) CT.w,(a;x)H, (a;x) =0.

The g-Dyson conjecture (1.3) follows from the weaker version of Conjecture 1 which
holds for ¥ ¥(a; x).

The original motivation for the choice (2.4) of V,(a; x) was the fact that (2.5) and
(2.19) both involve the same power of ¢. £,(a; x) in (2.9) was obtained by deleting
the factors of g,(a;x) which have a zero in common with V,(a;x). The real
motivation should have been (1.12). ¥, (a; x) vanishes at all of the zeros of g,(a; x)
for which there is some = € S, such that g,(m(a); m(x)) does not vanish. g,(a; x)
vanishes precisely when g, (7(a); 7(x)) vanishes for all 7 € §,.

We have

Conjecture 2.

n 1 — u,
(2.21) CT.g,(a;x) =T1] ( . +f+.)..+a C,(a).
i=2 (1 —gnte )

Observe that the g-Dyson conjecture (1.3) is recovered by equating constant terms in
(2.17) and using Conjectures 1 and 2.
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Despite the symmetry (2.16) of its zeros, C.T. g,(a; x) is entirely asymmetric. To
obtain varying amounts of symmetry, let 1 < m < n and set

(2.22) gnm(@ix)= [T (qﬁ)a,—x(jgm)(ﬁ)ai’

1<i<jsn\ Xi X
where x(A4) is 1 or 0 according to whether 4 is true or false. We have

Conjecture 3.

(2.23) CT.g, .(a;x) =11 a - q+i.)..+ — C,(a),
' i—2 (1 —gure “)

which is symmetric in a,,,,(m41)s---:4,- The case m =1 of Conjecture 3 is the
g-Dyson conjecture (1.3) and the case m = n is Conjecture 2. Good’s identity (1.6)
can be used to prove the case ¢ =1 of Conjectures 1,2 and 3. See Barton and
Mallows [7] to avoid a tedious induction. Kadell [26] gives some related conjectured
extensions of Selberg’s integral (1.7). Kadell [24] discusses the g-difference equation
(2.19) and expresses the right side of (2.23) as a generating function. The symmetry
of C,(a) and the basic n-cycle 7 occur [24, (3.11)] naturally.

3. Symmetry. Observe that for 1 < k < n, ¢ occurs in k — 1 of the factors of our
g-Vandermonde V,(a; x). From (2.5) and (2.6), we see that

(3.1) #(Z:(a;x)) = 2(n(n=1)/2) _ po((n=1)n=2)/2)
and
(3.2) #(Z:*(a; x)) = 2("(”"1)/2) — n!,

where #(P) is the number of terms in the polynomial P. Thus ¥)(a;x) and the
larger polynomial ¥ *(a; x) contain most of the terms of ¥, (a; x) and they inherit an
apparent asymmetry. Set ¢“ = A, and let a,, a,,..., ¢ = 4, ¢“> = A,,... and
Xy, X,,... be represented by a, &,..., A, B,... and S, T,..., respectively. Then

(3.3) Y (a,b;8,T)=37"(a,b;8,T) =0,

(34) Xi(a,b,c;8,T.U)=Y}"(a,b,¢;S,T,U)=(BC— C)STU,
(3.5)

Y..(a,b,c,d; S, T,U,V)=(CD - D)S*TUV +(BD — BCD)ST*UV
+(BC*D — C*D)STUV +(CD? — BCD?)STUV?
+(BD — D + CD — BCD)S*T*UV
+(2CD - BCD - C*D)S*TU
+(D?*-2CD* + BCD?)S?TUV?
+(CD - 2BCD + BC?D)ST*U*V
+(2BCD?* - BD? - CD*)ST*UV?
+(BCD? — CD? + C*D? — BC*D?*)STU?*V?
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and
(3.6)

Y "(a.bc.d;S, T.UV)=Y(a,b,c.d;S,T,UV)
+(BC — C)S*T?U? +(D?* — BD?)S*T*V?
+(C*p* - CD?)S*U*V? +(BCD? — BC*D*)T*U*V>.
It is clear from (2.13) that, for every 7 € S,

(3.7) H,(7(a); 7(x)) = sgn(7) H,(a; x).

We define the antisymmetrization =, of P,(a; x) by

(3.8) Z,(P,(a;x)) = X sgn(7)P,(n(a); m(x)).
TES,

Observe that

(39) X W(n(@)R,(7(a); 7(x) = Z,(W,(a) L (a; %)) H,(a; %).

mES,
We want to find functions W,(a) for which the weighted average (3.9) of the
remainder term is 0. We have

LEMMA 4. Let P (a;X) = L, q wi(a; X), where each w(a; X) is a monomial in —A,,
~-A,,...,-A, and xi, x,,...,x, and all of the coefficients are equal. (Observe that
V., (a; x) and hence all of the polynomials we will deal with have this property.) Then

(3.10) Z,(P,(a;x)) =0

if and only if there exists an involution ¥ of & and a mapping a — m, of Q into S, such
that each =, is odd and

(3.11) w2(a:x) = 6@ (7, (a); 7,(x)).
PrOOF. If (3.11) holds, then (3.10) follows easily using
(3.12) E.(w,(2;x)) = sgn(7)E, (w,(7(a); 7(x))),

since each = is odd. If (3.10) holds, then we may construct the required ¥ and 7, as
follows. Choose a € € and let w?(a; x) be cancelled by the term for &’ and 7

wn(a;x) + sgn(7) wy(7(a); 7(x)) = 0
in the expansion (3.8) of =,(P,(a; x)). 7 must be odd by our hypothesis that all of
the coefficients are equal. Set ¥(a) = o/, 7, = 7 and remove a from Q. If «’ # a, set
Y(a') = a, m, = 7P and remove «’ from Q. We now have a smaller polynomial
which antisymmetrizes to 0. We may repeat as required to obtain ¥ and #,. 0O
The following results have been obtained by the computer using Lemma 4:

(3.13a) 0= (T (a:x))

(3.13b) = 54X (%)
(3.13¢) - =,(4BL }(a; %))
(3.13d) = 33(A232;‘(a;x)),
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(3.14a) 0= 54(2:(a;x))

(3.14b) - =,(4BY}(a; %))

(3.14c) = E4(A2BCZ:(a;x))

(3.14d) = E4(A3B2CZ:(a;x)),
(3.15a) 0 = E,((4?BCD + 4BC) L} (a; X))
(3.15b) — =,((4°B%CD + 4°B°C) ¥} (a; %)),
(3.16a)

0= 54((A3BCD — A2B’CD + ABCD — A’BC + AB*C) Y. X(a; x))
(3.16b)
= 54((A3BZCD2 ~ A°B’C? + A*BC?D — A’B’D + A’B*C?) Y. X(a; x)),
(3.17a) 0= =5( X }(aix))

(3.17b) =,(4*B°C*DY [ (a; %))

The results (3.13a)—(3.13d) for n = 3 are easily established directly from definition
(3.8) or by Lemma 4. ¥ is always the identity map. For n > 4, this appears to
happen only in the context of Lemma 7. We may establish (3.14a)-(3.14d) and
(3.17a)-(3.17b) by taking all of the =, to be transpositions. We cannot establish
(3.15a)—(3.15b) or (3.16a)—(3.16b), which are essential in our proof of the case n = 4,
without taking some of the 7, to be 4-cycles. All of the results (3.13a)-(3.17b) (and
our comments) hold with ¥ *(a; x) replaced by T *(a; x).

(3.13a), (3.13d), (3.14a), (3.14d), (3.17a) and (3.17b) suggest

Conjecture 5.

(3.18a) 0= E,,(Z:(a;x))
i 4oz

i=1

(3.18b) = E,,(

The stronger version of Conjecture 5 which holds for Z: *(a; x) extends the result of
Carter [10, Theorem 10.2.1] due to Macdonald [31] for the root system 4, _,. Kadell
[25] establishes (3.18a) for all n > 2. This shows that the g-Dyson conjecture (1.3) is
equivalent to the symmetry (1.9) of the constant term G,(a). To see this, we must
examine Good’s induction [17]. In the g-case, it is natural to try to prove that

(3.19) G,(7(a)) = C,(a)

holds for all # € S,. This gives a stronger induction hypothesis which we adopt for
the rest of the paper. We proceed by induction on n and a; + a, + --- + a,. By
(2.18), we may assume that a; > 1, 1 < i < n, and that (1.3) holds if we subtract 1
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from one of the parameters which are then permuted. Let 1 < k < n and 7 € S,.
We have

(3.20) G,(m(m(a) - €)= Cn('”k('”(a) - ek))‘
Replace a and x by #(a) and #(x) in our g-analog (2.14) of Good’s identity (1.6).
This gives
g.(7(a); 7(x))

(321) — - [Ek<jcntnip] g — . .

= L gBoeaolg (m(7(a) — e,); m(7(x))) + R, (7(a); 7(x)).

k=1
Equating constant terms in (3.21) yields
(322) G,(w(a)) = X ¢*==0IG, (m (7 (a) - e,)) + C.T. R,(7(a); m(x)).
k=1

Replace a by 7(a) in (2.19) and use the symmetry of C,(a). We obtain

(3.23) Ci(a) = X qFro=rselC (m,(7(a) - ¢,)).

k=1
Using (3.23) and our induction hypothesis (3.20), (3.22) then becomes
(3.24) G,(n(a)) = C,(a) + C.T. R, (7(a); 7(x)).

Multiply (3.24) by W, (= (a)) and use (3.9) to sum over all # € S,. This yields
Y. W,(n(a))G,((a))

€S,
(3.25)
- [ T wr@))c,@ + CT.5 (W) i 0)) H,(ai ).

TES,

Suppose that W, (a) satisfies

(3.26) (W@ X @x) =0

Then (3.25) becomes

(32) L W (e @)6,(n(@) = [ T W,(n(@)]C, @),
TES, mES,

If (2.20) of Conjecture 1 holds with a and x replaced by «(a) and = (x), then we are
done by (3.22). If (3.26) and the symmetry (1.9) hold, then we are done by (3.27). In
either case, we have only completed one step of our induction proof. We shall see
how far we can carry the induction using simple arguments. We have

LEMMA 6. Let 1 < k < n and w,(a; X) be a term of £ *(a; x). Then there exist i and
Jwithl < i <j<n,i#k#j,suchthat x; and x ; occur to the same power in w,(a; X).

PROOF. Assume this fails. The variables x;, 1 <i < n,i # k, must occur ton — 1
distinct powers satisfying 0 < e < n — 1. The remaining value must be the exponent
of x,, since the sum of the exponents of all of the variables is n(n — 1)/2. Thus, no
two variables occur to the same power, which is a contradiction. O
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This gives the simple

LEMMA 7. Letl1 < k< nanda,=a,=--- =a,_,=a,,,=--- =a,. Then
(1) (2.20) of Conjecture 1 holds,

(i1) (3.18a) of Conjecture 5 holds,

(iii) G, (a) is symmetric (1.9).

PROOF. Let i and j satisfy the requirements of Lemma 6.
(i) The function w,(a; x) H,(a; x) changes sign when x; and x; are interchanged.

Hence, it must have constant term 0.

(i1) Let ¥ be the identity map and «, the transposition which interchanges i and j.
The result follows by Lemma 4.

(iii) Clearly, there exists m, 1 < m < n, such that #(a) = 7" (a). The result follows
by (1.14). O

We have

COROLLARY 8. Let 1 < m < n. The g-Dyson conjecture (1.3) holds if a; = a, = - - -

=am—l=am+1= an=10r°°‘

PROOF. We proceed by induction on n and a,, using our strong induction
hypothesis (3.19). By (2.18), we have a,, > 1. Let the common value be 1. (3.20)
holds by our induction assumption on a,, or n according to whether #(k) = m and
a,, > 1 or not. Our induction is completed using Lemma 7(i) and (3.24). For the oo
case, we may assume by (1.14) that m = n. (2.14) becomes
g,(00,...,0,4a,;x) = g,(c0,...,0,a, — 1;x)

3.28
(3.28) +q*g,(co,...,a,,0;m_,(x)) + R,(0,...,0,a,; x).

We equate constant terms and use (1.14) and Lemma 7(i). This yields
(3.29) 1-4*)G,(,...,0,a,)=G,(c,...,00,a,—1)

and the result follows easily. O

Corollary 8 also follows from Lemma 7(ii) and (iii). Set W, (a) = 1. Lemma 7(i1)
gives (3.26) and the result (3.19) follows by applying Lemma 7(iii) to (3.27). The
reader should check the modifications required for the co case. Since (3.18a) of
Conjecture 5 holds [25] for all n > 2, the g-Dyson conjecture (1.3) follows as long as
the symmetry (1.9) holds for all of the preceding stages of our induction. We treat
the easy case n = 3.

We have the well-known (see Andrews [2, (2.2.1)]) g-binomial theorem

e )k g kike S C) P
(3.30) ()5 = X (x)Tq 4o —.

This gives us the Laurent expansion of a polynomial with only simple zeros which
form a geometric sequence. Observe that x“ times

1

(3.31) (‘Ix)b( ),,= Z (_x)kq(k(kn)/z) (q)a+b

x k=-a (q) usr(q)p—s
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is such a polynomial, so that (3.31) is equivalent to (3.30). This gives (1.3) for n = 2.
If we let a and b tend to oo in (3.31) and multiply by (g).,, we obtain the Jacobi
triple product formula [23]

oo}

(3.32) (q)w(qx)w(%)w___ Y (_x)kq(k(k+1)/2)‘

k=-oc
This proof goes back to Cauchy [11, pp. 50-55] and Gauss [15, pp. 461-469].
Andrews [1] used (3.31) to expand g,(a; x) and extract
(3.33)
G,(a, b, )

= % (_l)kq(k(3k+l)/2) (9)a+6(q) s (@) e

k=-M (0)a-x(@) p-1(q) c=4(@) w4 (@) ps (@) i’

where M = min(a, b, ¢). Since each term on the right side of (3.33) is symmetric in
a, b, ¢, we have proved

THEOREM 9 (ANDREWS [1]). The g-Dyson conjecture (1.3) holds for n = 3.

4. n = 4. We can expand each factor of g,(a; x) by (3.31) and extract G,(a) as a
multiple sum. For the case ¢ = 1 see Andrews [3] and Dyson [13], who uses this
representation to establish his original conjecture (1.4) for n < 5. Unfortunately, for
n > 4 this expansion of G,(a) fails in a spectacular way to exhibit any symmetry
beyond (1.14). Let P,(a) be the sum of all of the terms contributing to G, (a) which
have a positive coefficient. Thus, P;(a, b, ¢) is obtained by taking the sum of the
terms on the right side of (3.33) for k even. Let N, (a) be given similarly so that

(4.1) G,(a) = P,(a) - N,(a).
The first case in which the symmetry (1.9) is open to question arises fora = (1,2,1,2)
and a = (1,1, 2,2). The computer gives
(4.2) P,(1,2,1,2) = 1 + 7g + 2992 + 80¢> + 1624*

+255¢° + 318¢° + 3184”7 + 2554*

+1624° + 80" + 294" + 79" + ¢V

=P, (1,1,2,2) —¢*+ ¢*+ q" — ¢°.

Of course, N,(1,2,1,2) = N,(1,1,2,2) — ¢* + ¢° + q" — q° and (4.1) gives the con-
jectured value (1.3) in both cases. This and a great deal of computer evidence for

n = 4 suggest
Conjecture 10. Letn > 4and a; > 1,1 < i < n. Then

(4.3) P,(7(a)) = P,(a)

if and only if 7(a) = 7%(a) for some k, 1 < k < n.

A similar result should also hold for N,(a).

The “if” part of Conjecture 10 is clear from (1.13). Using (3.33), we see that
Py(a, b, ¢) is symmetric in a, b, c. Thus, the “only if” part of Conjecture 10 does not
hold for n = 3. For n > 4, (1.14) represents a real limit on the symmetry (1.9) that
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can be established easily, at least using (3.31). We use our relations (3.14a)—(3.14d),
(3.15b) and (3.16a) to establish

THEOREM 11. The g-Dyson conjecture (1.3) holds for n = 4

PrROOF. Let n =4. By (2.18) and Theorem 9, we may assume that aq;, > 1,
1 < i < 4. We use our strong induction argument developed in §3. We must show
that
(4.4) Gy(7(a)) = C,(a)
holds for every = € S,. We proceed by inductionona + b + ¢ + d. Set

Wl(a) =1, W2(a)=AB, WJ(a)= A’BC,
(4.5) wi(a) = A°B*C, Wj(a) = A’B*CD + A’B°C,
We(a) = A°BCD — A’B>CD + A*BC*D — A*BC + AB*C.

(3.26) follows by our relations (3.14a)—(3.14d), (3.15b) and (3.16a). Our induction
again gives (3.27) which is

(46 T Wr@)G (@) - T ma@)|ae. 1<s<s

TES, TES,

S, is embedded in S, by
0,(1,2,3,4) = (1,2,3,4), o0,(1,2,3,4) = (1,3,2,4),
(4.7) 0,(1,2,3,4) = (2,3,1,4), 0,(1,2,3,4) = (2,1,3,4),
05(1,2,3,4) = (3,1,2,4), ¢,(1,2,3,4) = (3,2,1,4)

and {7X[1 < k < 4} is a set of coset representatives (on either side). By (1.14), (4.4)
reduces to

(4'8) G4(o,(a)) = C4(a)’ 1 SIS 69

and (4.6) becomes

(49) 21 Z wi(s k(o,(a))))c4(o,(a)) - £ mie@))aa.
t TES,
1<s<6.

If a,, 1 < i < 4, are distinct, then we may establish (4.8) by showing that the six
equations (4 9) satisfied by G,(o,(a)), 1 <t < 6, are linearly independent. When
there is some equality among a;,, 1 < i < 4, (1.14) gives some equality among
G,(o,(a)), 1 <t <6, and we require fewer equations. We treat these cases sep-
arately. We start with

Case (i). a, b, c, d distinct.

Without loss of generality, we take 1 < a <b <c¢ <d. The 6 X 6 coefficient
matrix C of the system (4.9) is given by

(4.10) €=y €= X Wi(r(oa).

//\//\
//\//\
oo
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Clearly, ¢, , = 4 for1 < t < 6. We compute
(4.11) cs4 = A*B’CD + A*B*C + AB’CD’ + ABD>
+ABC’D?* + BC?D? + A’BC?D + A*C’D

= A’B>C + higher order terms.
Thus, A?B>C = q@“*2°* <) is the term with the smallest power of ¢ occurring in cs 4.
Similarly,
(4.12) ¢s, = A*B*C + higher order terms
and cs ,, ¢s3, €55 and ¢ contain only higher order terms. It is easy to check that for
s = 2,3,4 or 6, the term with the smallest possible power of ¢ is AB, A2BC, A*B>C
or A’BC, respectively. Such terms, each with coefficient 1, occur only in c¢,,, ¢, 4,
Ca.50 Cagr €315 €32 €415 Coq and Cgs5. Using - -+ to indicate higher order terms, the
coefficient matrix C is given below.

(4.13)

4 4 4 4 4 4
(AB+'~‘) () () (AB+--~) (AB+-~) (AB+--~)
(AZBC+~~-) (AZBC+--~) ) ) ) )

C=(A3BZC+~~~) ¢-) ) ) ¢-) )
(A2B2C~~~) ) ) (AZBZC+~-~) ) )
) ) ) (AZBC+-~~) (AZBC+-~~) )
Hence
(4.14) det C = —44'B’C* + higher order terms # 0,

since ¢ is transcendental. Since both sides of (4.8) satisfy the system (4.9), they are
equal as required.
Case (i1). a, b, c distinct, ¢ = d.
We have
(a,b,c,c)=o0,(a,b,c,c)=r1os(a,b,c,c)),
(4.15) (a,c,b,c)=0,(a,b,c,c)=1%(05(a,b,c,c)),
(b,a,c,c)=0,(a,b,c,c)=1(o4(a,b,c,c))
and (4.8) becomes
(4.16) G,(a,b,c,c)=G,(a,c,b,c) =Gy (b,a,c,c)=Csla, b,c,c).
We use (4.15) and (1.14) to compute (4.9) for s = 1,2 and 3 and divide by 8, 2 and 2,
respectively. This yields

(4.17a) G.(a,b,c,c)+ Gyla,c,b,c) + Gy(b,a,c,c)
=3C,(a, b, c,c),
(4.17b) (AB + AC + BC + C*)G,(a, b, ¢, c)
+2(AC + BC)G,(a,c, b, c)
+(AB + AC + BC + C*)G,(b,a,c,c)
= (24B + 4AC + 4BC + 2C?)C,(a, b, ¢, ¢),
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(417c) (A2BC + B*C2 + AC® + ABC?)G,(a, b, c, c)

+(A2BC + BC?® + AB*C + AC*)G,(a,c, b, c)

+(AB*C + A*C?* + BC? + ABC?*)G,(b, a,c,¢)

= (24%°BC + 2AB?C + 2ABC? + A’C* + 2AC? + B*C* + 2BC3)

-Cy(a, b, c,c).
Let D be the 3 X 3 coefficient matrix of the system (4.17a)—(4.17c). The common
value ¢ = d must be the maximum, the minimum or the median of the distinct values
a, b, c. If it is the maximum, then we may assume without loss of generality that

a < b < c. Then
1 1 1

(4.18) det(D) = det| (4B + --+) () (AB+ ---)
(ABC + --+) (A’BC+ ---) (--)
= A°B2C + higher order terms.
If ¢ is the minimum, we may take a > b > c. As with (4.18), we obtain

(4.19) det(D) = A*B?C + lower order terms.
If ¢ is between a and b, then we may takc a < ¢ < b. We obtain
1 1 1
(4.20) det(D) = det|(AC+ ---) (24C+ ---) (4AC+ ---)
(---) (-+-) (A4 + )

= A3C? + higher order terms.
Since g is transcendental, we always have ,
(4.21) det(D) # 0
and (4.16) follows since the system has a unique solution.
Case (iii). a=b+c=d.
Observe that
(4.22) (a,a,c,c)=o0,(a,a,c,c)=0,(a,a,c,c)
=1*(0s(a, a,c,c)) = 1%(o5(a, a, ¢, ¢)),
(a,c,a,c)=0y(a,a,c,c) =05(a,a,c,c).

Thus, (4.8) becomes
(4.23) G,(a,a,c,c) = G,(a,c,a,c)=Cya,a,c,c).

We use (4.22) and (1.14) to compute (4.9) for s = 1 and 2 and divide by 8 and 4,
respectively. This gives
(4.24a) 2G,(a,a,c,c) + Gy(a,c,a,c) =3C,(a,a,c,c),
(A4*+24C + C*)G,(a,a,¢,¢) + 24CG,(a, c, a, c)

= (A*+44C + C*)C,(a,a,c,c).
The determinant of the 2 X 2 coefficient matrix E of the system (4.24a)—(4.24b) is
given by

(4.24b)

2 1
(42 +24C+ C?) 24cC|”

(4.25) det(E) = det —-(4-0),




142 K. W.J. KADELL

which is not 0 since q is transcendental. Observe that det(£) can be 0 if g is 0 or a
root of unity. (4.23) follows since the system (4.24a)—(4.24b) has a unique solution.
Case (iv). a = b = c.
Every permutation of (a, a, a, d) can be obtained by some power of 7. Using
(1.14), we simplify (4.9) for s = 1 and divide by 24 to obtain

(4.26) G,a,a,a,d)=C,(a,a,a,d),

as required.

Since some permutation of (a, b, ¢, d) will fall into one of our four cases, we have
established (4.4) and completed our induction for fixed transcendental g. This
restriction is easily removed since G,(a) and C,(a) are both polynomialsing. O

5. n > 5. The g-Dyson conjecture (1.3) is related to the root system A, _;. Since
the Weyl group for 4, _, is S,, it is no surprise that (1.3) reduces (see Kadell [25]) to
the symmetry (1.9) of the constant term G,(a). Unfortunately, (1.12) and (4.2) show
that the symmetry (1.9) is a difficult problem which may be no easier than (1.3). It
seems to recur in a different form in other approaches. In order to use the argument
of §4 to treat the case n > 5, we must find (n — 1)! functions W, (a) satisfying (3.26).
It is clear from (3.5) and (3.14a)—(3.17b) that this is not easy. Thus, the complex,
asymmetric polynomial ¥} (a; x) acts through (3.26) as a surrogate for the symmetry
problem (1.9). Some of the =, required by Lemma 4 for (3.15a)—(3.16b) must be
4-cycles. This suggests that the g-Dyson conjecture (1.3) involves the cyclic structure
of permutations in S,. That is, it involves the partitions of n. Kadell [25] proves the
first part (3.18a) of Conjecture 5 and gives a conjecture which includes (3.18b). If we
can find the algebraic secret of the functions W, (a), then perhaps (3.26) may follow
using the techniques of [25].

We must use (1.14) and the equalities among a,, 1 < i < n, to simplify (3.27) and
show that some of the resulting equations are linearly independent. Proctor [37] has
used linear algebra to solve two difficult combinatorial problems. He does this by
showing that certain partially ordered sets are rank-unimodal and have the Sperner
property. The second problem is the unimodality of C,(a) which has often arisen in
connection with Lie algebras. See Proctor [37] and Andrews [2, Chapter 3] for
extensive references. Another result from partition theory which is related to Lie
algebras is the celebrated pair of Rogers-Ramanujan identities. See Lepowsky [27]
and Lepowsky and Milne [28].

The g-Dyson conjecture (1.3) also follows from Conjecture 1. A direct cancellation
proof of (2.20) is probably as difficult as a sieve proof of the symmetry (1.9). Since
Conjecture 1 includes many results, we may try to prove it by induction. Unfor-
tunately, we must add Conejcture 2 to our induction hypothesis, but it is still not
enough. Conjectures 1 and 2 imply Conjecture 3. Perhaps we can find a larger family
of identities which can be proved by induction. We should at least try to prove
Macdonald’s [33] result that (1.3) holds whena, = a, = -+ =a,=2foralln > 2.
We are looking for a multiple series identity which extends the transformation
formula of Bailey [6, §4.5(3)]. Gustafson and Milne [19, Theorem 1.7] observe that
Good’s identity (1.6) is a special case of a theorem which has numerous applications,
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particularly to the Holman multiple series introduced by Holman, Biedenharn and
Louck [20]. Louck and Biedenharn [29, 30], Biedenharn, Holman and Milne [8] and
Milne [35] generalize some results for ordinary hypergeometric functions to Holman
series. The g-analogs of these results probably require g-analogs of some expansions
involving Schur functions. This may also be the key to an elegant generalization of
(1.3) conjectured by Ihrig and Ismail [21] which involves symmetric functions.
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Note added in proof. Zeilberger and Bressoud [Z-B] have recently proved the
g-Dyson conjecture. They show that certain ‘bad guys’ contribute 0 to the constant
term. Bressoud and Goulden [B-G] modify the proof to treat Conjecture 1 and,
consequently, Conjectures 2 and 3.

[Z-B] D. Zeilberger and D. M. Bressoud, A proof of Andrews’ g-Dyson conjecture
(to appear).

[B-G] D. M. Bressoud and 1. P. Goulden, Constant term identities extending the
q-Dyson theorem, preprint.

REFERENCES

1. G. E. Andrews, Problems and prospects for basic hypergeometric functions, Theory and Application of
Special Functions (R. A. Askey, ed.), Academic Press, New York, 1975, pp. 191-224.

2. . The theory of partitions, Encyclopedia of Mathematics and Its Applications, Vol. 2 (G. C.
Rota, ed.), Addison-Wesley, Reading, Mass., 1976.
3. . Notes on the Dyson conjecture, SIAM J. Math. Anal. 11 (1980), 787-792.

4. R. A. Askey, Some basic hypergeometric extensions of integrals of Selberg and Andrews, SIAM J.
Math. Anal. 11 (1980), 938-951.
5. . A g-beta integral associated with BC, SIAM J. Math. Anal. 13 (1982), 1008-1010.
6. W. N. Bailey, Generalized hypergeometric series, Cambridge Univ. Press, Cambridge, 1935 (reprinted
by Hafner, New York, 1964).
7. D. E. Barton and C. L. Mallows, Some aspects of the random sequences, Ann. Math. Statist. 36
{1965), 236-260.
8. L. Biedenharn, W. Holman, III, and S. Milne, The invariant polynomials characterizing U(n) tensor
operators {p. q.4q....,q.0,..., 0) having maximal null space, Adv. in Appl. Math. 1 (1980), 390-472.
9. L. Carlitz, Some formulas of F. H. Jackson, Monatsh. Math. 73 (1969), 193-198.
10. R. W. Carter, Simple groups of Lie type, Wiley, New York, 1972.
11. A. L. Cauchy, Ouevres completes d’Augustin Cauchy, 1re Sér., Tome VIII, Gauthier-Villars, Paris,
1893.
12. A. C. Dixon, Summation of a certain series, Proc. London Math. Soc. (1) 35 (1903), 285-289.
13. F. J. Dyson, Statistical theory of the energy levels of complex systems. 1, J. Math. Phys. 3 (1962),
140-156.

14. R. Evans, Character sum analogues of constant term identities for root systems, Israel J. Math. 46
(1983), 189-196.

15. C. F. Gauss, Werke, Vol. 3, Gottingen, 1866.

16. 1. J. Good, Proofs of some ‘binomial’ identities by means of MacMahon's ‘master theorem’, Proc.
Cambridge Philos. Soc. 58 (1962), 161-162.

17. . Short proof of a conjecture of Dyson, J. Math. Phys. 11 (1970), 1884.




144 K. W.J. KADELL

18. J. Gunson, Proof of a conjecture by Dyson in the statistical theory of energy levels, J. Math. Phys. 3
(1962), 752-753.

19. R. A. Gustafson and S. C. Milne, Schur functions, Good’s identity, and hypergeometric series
well-poised in SU(n), Adv. in Math. 48 (1983), 177-188.

20. W. J. Holman, II, L. C. Biedenharn and J. D. Louck, On hypergeometric series well-poised in SU(n),
SIAM J. Math. Anal. 7 (1976), 529-541.

21. E. C. Ihrig and M. E. H. Ismail, The cohomology of homogeneous spaces related to combinatorial
identities (to appear).

22. F. H. Jackson, Certain g-identities, Quart. J. Math. 12 (1941), 167-172.

23. C. G. J. Jacobi, Gesammelte Werke, Vol. 1, Reimer, Berlin, 1881 (reprinted by Chelsea, New York,
1969).

24. K. W. J. Kadell, Weighted inversion numbers, restricted growth functions and standard Young
tableaux, J. Combin. Theory Ser. A (to appear).

25 , Andrews’ g-Dyson conjecture I11: Symmetry, Pacific J. Math. (to appear).

26. , A proof of some q-analogs of Selberg’s integral for k = 1, preprint.

27. J. Lepowsky, Macdonald-type identities, Adv. in Math. 27 (1978), 230-234.

28. J. Lepowsky and S. Milne, Lie algebraic approaches to classical partition identities, Adv. in Math. 29
(1978), 15-59.

29.J. D. Louck and L. C. Biedenharn, Canonical unit adjoint tensor operators in U(n), J. Math. Phys. 11
(1970), 2368-2414.

30. . On the structure of the canonical tensor operators in the unitary groups, I11. Further
developments of the boson polynomials and their implications, J. Math. Phys. 14 (1973), 1336-1357.

31. I. G. Macdonald, Spherical functions on a p-adic Chevalley group, Bull. Amer. Math. Soc. 74 (1968),
520-525.

32. , Affine root systems and Dedekind’s m-function, Invent. Math. 15 (1972), 91-143.

33. ____, Some conjectures for root systems, SIAM J. Math. Anal. 13 (1982), 988—1007.

34. P. A. MacMahon, Combinatory analysis, Vol. 1, Cambridge Univ. Press, Cambridge, 1915 (reprinted
by Chelsea, New York, 1960).

35. S. C. Milne, Hypergeometric series well-poised in SU(n) and a generalization of Biedenharn’s
G-functions, Adv. in Math. 36 (1980), 169-211.

36. W. G. Morris, 11, Constant term identities for finite and affine root systems: conjectures and theorems,
Ph.D. Dissertation, University of Wisconsin-Madison, January 1982.

37. R. A. Proctor, Solution of two difficult combinatorial problems with linear algebra, Amer. Math.
Monthly 89 (1982), 721-734.

38. A. Selberg, Bemerkninger om et multipelt integral, Norsk Mat. Tidsskr. 26 (1944), 71-78.

39. K. Wilson, Proof of a conjecture by Dyson, J. Math. Phys. 3 (1962), 1040-1043.

40. D. Zeilberger, The algebra of linear partial difference cperators and its applications, SIAM J. Math.
Anal. 11 (1980), 919-932.

DEPARTMENT OF MATHEMATICS, ARIZONA STATE UNIVERSITY, TEMPE, ARIZONA 85287




